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a b s t r a c t
A graph invariant I(G) of a connected graph G = (V , E) contributed by the weights of all
edges is defined as I(G) = ∑ cijxij with the summation over all edges, cij is the weight
of edges connecting vertices of degree i and j, xij is the number of edges of G connecting
vertices of degree i and j. It generalizes Randić index, Zagreb index, sum-connectivity index,
GA1 index, ABC index etc. In this paper, we first give the expressions for computing this
invariant I(G) of benzenoid systems and phenylenes, and a relation between this invariant
of a phenylene and its corresponding hexagonal squeeze, and then determine the extremal
values of I(G) and extremal graphs in catacondensed benzenoid systems and phenylenes,
and a unified approach to the extremal values and extremal graphs of Randić index, the
general Randić index, Zagreb index, sum-connectivity index, the general sum-connectivity
index, GA1 index and ABC index in benzenoid systems and phenylenes.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
A benzenoid system [1] is a connected geometric figure obtained by arranging congruent regular hexagons in a plane, so
that two hexagons are either disjoint or have a common edge. This figure divides the plane into one infinite (external)
region and a number of finite (internal) regions. All internal regions must be regular hexagons. Benzenoid systems are
of considerable importance in theoretical chemistry because they are the natural graph representation of benzenoid
hydrocarbons. A benzenoid system is said to be catacondensed if it does not possess internal vertices, i.e., vertices shared
by three hexagons; otherwise it is said to be pericondensed; see Fig. 1.
A phenylene is a molecular graph of a compound, in which the carbon atoms form 6- and 4-membered cycles. Each
4-membered cycle (square) is adjacent to two disjoint 6-membered cycles (hexagons), and no two hexagons are adjacent. By
squeezing out the squares from a phenylene, a catacondensed benzenoid system is obtained, called the hexagonal squeeze
of the respective phenylene. Clearly, there is a one-to-one correspondence between a phenylene (PH) and its hexagonal
squeeze (HS); see Fig. 2. Both possess the same number of hexagons. In addition, a phenylene with h hexagons possesses
h− 1 squares. The number of vertices of such a PH and its HS are 6h and 4h+ 2, respectively.
Throughout this paper, the notation and terminology on benzenoid systems, phenylenes and their hexagonal squeezes
are mainly taken from [1–3].
✩ Project supported by the Hunan Provincial Natural Science Foundation of China (09JJ6009) and the Scientific Research Fund of Hunan Provincial
Education Department (09A057) and the Program for Science and Technology Innovative Research Team in Higher Educational Institutions of Hunan
Province.∗ Corresponding author.
E-mail address: hydeng@hunnu.edu.cn (H. Deng).
0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.03.089
3018 H. Deng et al. / Computers and Mathematics with Applications 61 (2011) 3017–3023
a b
Fig. 1. (a) A pericondensed benzenoid system; (b) a catacondensed benzenoid system.
Fig. 2. A phenylene and its hexagonal squeeze.
Topological index is an important and useful tool in mathematical chemistry, which attracts the attentions of more and
more chemical or mathematical researchers. Here, we consider several kinds of topological indices, such as Zagreb index,
Randić index, ABC index et al., which are all based on vertex-degree of graphs. For these indices, Li and Shi [4,5] gave a
survey on the Randić index. Liu and You [6] gave a survey on comparing Zagreb indices, and Xu [7] obtained some new
results on the Zagreb indices of graphs with a given clique number. A survey on GA index and some recent results on ABC
index can be found in [8–10]. There are also many contributions on Randić index, the general Randić index, GA1 index of
benzenoid systems or phenylenes in the mathematical and chemical literature [2,3,11–19]. All these topological indices are
graph invariants contributed by the weights of all edges, and the weight of an edge only depends on the degrees of its end
vertices. So, it is possible to generalize such topological indices and unified approach to their extremal values.
In this paper, we will first introduce a graph invariant I(G)which unifies Randić index, the general Randić index, Zagreb
index, sum-connectivity index, the general sum-connectivity index, GA1 index and ABC index, then give the expressions for
computing this invariant I(G) of benzenoid systems and phenylenes, and a relation between this invariant of a phenylene
and its corresponding hexagonal squeeze, and the extremal values of I(G) in benzenoid systems and phenylenes with h
hexagons. This will give a unified approach to the extremal values and extremal graphs of Randić index, the general Randić
index, Zagreb index, sum-connectivity index, the general sum-connectivity index, GA1 index and ABC index in benzenoid
systems and phenylenes.
Let G = (V , E) be a graph and d(v) the degree of the vertex v. We define a graph invariant I(G) of G contributed by the
weights of all edges as
I(G) =
−
uv∈E
f (d(u), d(v)) (1)
where f (x, y) is a real function of x and ywith f (x, y) ≥ 0 and f (x, y) = f (y, x).
(i) If f (x, y) = (xy)α , where α ≠ 0 is a real number, then I(G) is the general Randić index Rα(G) [20] of G. Further, I(G) is
the Randić index R(G) [21] for α = − 12 , I(G) is the second Zagreb indexM2(G) [22,23] for α = 1, and I(G) is the second
modified Zagreb indexM∗2 (G) [22,23] for α = −1.
(ii) If f (x, y) = (x + y)α , then I(G) is the general sum-connectivity index χα(G) [24] of G. Further, I(G) is the sum-
connectivity index χ(G) [25] for α = − 12 and I(G) is the first Zagreb indexM1(G) [22,23] for α = 1.
(iii) If f (x, y) =
√
xy
1
2 (x+y)
, then I(G) is the first geometric–arithmetic index GA1(G) [26].
(iv) If f (x, y) =

x+y−2
xy , then I(G) is the atom–bond connectivity (ABC) index ABC(G) [27].
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2. The expressions for computing I(G) of benzenoid systems and phenylenes
Let G = (V , E) be a simple graph on n vertices, mjk the number of (j, k)-edges connecting a vertex of degree j with a
vertex of degree k. Then, the graph invariant I(G) of G can be denoted by
I(G) =
−
1≤j≤k<n
mjkf (j, k). (2)
In a benzenoid system (S) or a phenylene (PH), which possess only (2, 2)-, (2, 3)-, and (3, 3)-edges, the Eq. (2) reduces
to
I(G) = m22f (2, 2)+m23f (2, 3)+m33f (3, 3). (3)
The following relations can be found in [2].
(i) In a benzenoid system S with n vertices, h hexagons and r inlets,m22 = n− 2h− r + 2,m23 = 2r,m33 = 3h− r − 3.
(ii) In a phenylene PH with h hexagons and r inlets,m22 = 2h− r + 4,m23 = 2r,m33 = 6h− r − 6.
Substituting them into (3), we can obtain the following result.
Theorem 1. (i) Let S be a benzenoid system with n vertices, h hexagons and r inlets. Then
I(S) = (n− 2h− r + 2)f (2, 2)+ 2rf (2, 3)+ (3h− r − 3)f (3, 3). (4)
(ii) Let PH be a phenylene with h hexagons and r inlets. Then
I(PH) = (2h− r + 4)f (2, 2)+ 2rf (2, 3)+ (6h− r − 6)f (3, 3). (5)
If ni is the number of internal vertices of S, then n = 4h+ 2− ni [2,3] and so
I(S) = (2h− r − ni + 4)f (2, 2)+ 2rf (2, 3)+ (3h− r − 3)f (3, 3).
Note that ni = 0, i.e., n = 4h + 2 for a catacondensed benzenoid system with n vertices and h hexagons, we have the
following corollary.
Corollary 2. If S is a catacondensed hexagonal system with h hexagons and r inlets, then
I(S) = (2h− r + 4)f (2, 2)+ 2rf (2, 3)+ (3h− r − 3)f (3, 3). (6)
From Theorem 1 and Corollary 2, we can easily express the Randić index, the general Randić index, Zagreb index, the
sum-connectivity index, the general sum-connectivity index, GA1 index, ABC index of S and PH in terms of the numbers of
vertices and inlets.
Many properties of a phenylene (PH) are found to be closely related to the analogous properties of the corresponding
hexagonal squeeze (HS). From Theorem 1 and Corollary 2, we can also obtain a relation between the invariants I(PH) and
I(HS).
Theorem 3. Let PH be a phenylene with h hexagons and r inlets, HS its hexagonal squeeze. Then
I(PH) = I(HS)+ 3(h− 1)f (3, 3).
From Theorem 3, we can easily obtain that
(i) Rα(PH) = Rα(HS)+ 32α+1(h− 1);
(ii) χα(PH) = χα(HS)+ 3× 6α(h− 1);
(iii) GA1(PH) = GA1(HS)+ 3(h− 1);
(iv) ABC(PH) = ABC(HS)+ 2(h− 1).
Theorem 3 also shows that PH is the extremal graph with respect to the invariant I(G) among all phenylenes with
h hexagons if and only if its hexagonal squeeze HS is the extremal graph with respect to the invariant I(G) among all
catacondensed benzenoid systems with h hexagons.
So, in the following, we only need to discuss the extremal values and extremal graphs with respect to I(G) in
catacondensed benzenoid systems.
3. The extremal problem in benzenoid systems
First, we discuss the smallest value of I(G) in benzenoid systems with h hexagons.
Let n, ni, B, C, F be the numbers of vertices, internal vertices, bays, coves and fjords of a benzenoid system S with h
hexagons, respectively. Then t = B+ 2C + 3F is the number of bay regions. It is deduced in [1,3] that
r = n− 2h− 4− t, n = 4h+ 2− ni
and so by Eq. (4) in Theorem 1
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I(S) = [2f (2, 3)− f (3, 3)]n+ [f (2, 2)+ f (3, 3)− 2f (2, 3)]t + [5f (3, 3)− 4f (2, 3)]h
+ 6f (2, 2)− 8f (2, 3)+ f (3, 3) (7)
I(S) = [f (3, 3)− 2f (2, 3)]ni + [f (2, 2)+ f (3, 3)− 2f (2, 3)]t + [4f (2, 3)+ f (3, 3)]h
+ 6f (2, 2)− 4f (2, 3)− f (3, 3). (8)
If f (3, 3) > 2f (2, 3), then the coefficients of ni and t in (8) are positive, and the smaller ni and t are, the smaller I(S) is in
benzenoid systems with h hexagons. Moreover, ni ≥ 0 and t ≥ 0. So, we have the following theorem.
Theorem 4. Let S be a benzenoid systemwith h hexagons. If f (3, 3) > 2f (2, 3), then I(S) ≥ [4f (2, 3)+ f (3, 3)]h+6f (2, 2)−
4f (2, 3)− f (3, 3) with equality if and only if ni(S0) = t(S0) = 0, i.e., S0 = Lh is the linear hexagonal chain with h hexagons.
This shows that Lh is the unique graph with the smallest value of I(G) among all benzenoid systems with h hexagons if
f (3, 3) > 2f (2, 3).
If 2f (2, 3) − f (2, 2) ≤ f (3, 3) ≤ 2f (2, 3), then the coefficients of n and t in (7) are positive, the smaller (or larger,
respectively) n and t are, the smaller (or larger, respectively) I(S) is in benzenoid systems with h hexagons. This will rely on
the following result.
Lemma 5 ([28]). For every benzenoid system with h hexagons,
2h+ 1+ u ≤ n ≤ 4h+ 2 (9)
where u = ⌈√12h− 3⌉ and ⌈x⌉ denotes the smallest integer greater than or equal to x. Moreover, the lower bound is reached
in the spiral hexagon system Th, the upper bound is reached in the benzenoid system Eh (see Figure 1 in [19]) and the hexagonal
chains.
By (7) and (9), we have the following theorem.
Theorem 6. If h is a positive integer such that there is a benzenoid system S0 with h hexagons satisfying
n(S0) = 2h+ 1+ u
t(S0) = 0, (10)
and 2f (2, 3)− f (2, 2) ≤ f (3, 3) ≤ 2f (2, 3), then I(S0) = 6f (2, 2)+ (2u− 6)f (2, 3)+ (3h− u)f (3, 3) is the smallest value
of I(S) among all benzenoid systems S with h hexagons.
A precise description of such a benzenoid system S0 can be found in [3].
Theorem 7. If h is a positive integer such that no benzenoid system S0 with h hexagons satisfies
n(S0) = 2h+ 1+ u
t(S0) = 0, (11)
and 2f (2, 3)− f (2, 2) ≤ f (3, 3) ≤ 2f (2, 3)− 12 f (2, 2), then I(Th) = 7f (2, 2)+ (2u− 8)f (2, 3)+ (3h+ 1− u)f (3, 3) is the
smallest value of I(S) among all benzenoid systems S with h hexagons.
Proof. Note that t(Th) = 0 or 1, and n(Th) = 2h + 1 + u. Since no benzenoid system S0 with h hexagons satisfies (11),
t(Th) = 1.
By the Eq. (7),
I(S)− I(Th) = [2f (2, 3)− f (3, 3)](n(S)− (2h+ 1+ u))+ [f (2, 2)+ f (3, 3)− 2f (2, 3)](t(S)− 1).
If t(S) = 0, then n(S)− (2h+ 1+ u) ≥ 1 and
I(S)− I(Th) ≥ [2f (2, 3)− f (3, 3)] − [f (2, 2)+ f (3, 3)− 2f (2, 3)] ≥ 0;
If t(S) ≥ 1, then I(S)− I(Th) ≥ [f (2, 2)+ f (3, 3)− 2f (2, 3)](t(S)− 1) ≥ 0.
Hence, I(S) ≥ I(Th). 
Although the smallest value of I(S) among all benzenoid systems S with h hexagons is solved in the case of 2f (2, 3) −
f (2, 2) ≤ f (3, 3) ≤ 2f (2, 3) − 12 f (2, 2), the smallest value of I(S) in the other case and the largest value of I(S) are still
open. However, the extremal values and extremal graphs of I(G) in the catacondensed benzenoid systems can be solved
completely in the following.
Lemma 8 ([14]). Let S be a catacondensed benzenoid system with h hexagons, k kinks, b branched hexagons and r inlets. Then
r + 3b+ k = 2(h− 1).
Theorem 9. Let S be a catacondensed benzenoid system with h(h ≥ 3) hexagons.
(i) If f (2, 2)+ f (3, 3) > 2f (2, 3), then
I(S) ≥ (h− 1)f (3, 3)+ (4h− 4)f (2, 3)+ 6f (2, 2)
with equality if and only if S = Ln, and
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I(S) ≤

3h− 4−

h
2

f (3, 3)+

2

h
2

+ 2

f (2, 3)+

2h+ 3−

h
2

f (2, 2)
with equality if and only if S has
 h
2
− 1 branched hexagons and  h2 −  h2 kinks.
(ii) If f (2, 2)+ f (3, 3) < 2f (2, 3), then
I(S) ≤ (h− 1)f (3, 3)+ (4h− 4)f (2, 3)+ 6f (2, 2)
with equality if and only if S = Ln, and
I(S) ≥

3h− 4−

h
2

f (3, 3)+

2

h
2

+ 2

f (2, 3)+

2h+ 3−

h
2

f (2, 2)
with equality if and only if S has
 h
2
− 1 branched hexagons and  h2 −  h2 kinks.
(iii) If f (2, 2)+ f (3, 3) = 2f (2, 3), then
I(S) = (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3).
Proof. (i) By Lemma 8, r ≤ 2(h− 1) and with equality if and only if S has no kink nor branched hexagon, i.e., S is the linear
hexagonal chain Ln, where r is the number of inlets in S. Since f (2, 2)+ f (3, 3) > 2f (2, 3), by Corollary 2, we have
I(S) = (2f (2, 3)− f (2, 2)− f (3, 3))r + (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
≥ (2f (2, 3)− f (2, 2)− f (3, 3))(2h− 2)+ (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
= (h− 1)f (3, 3)+ (4h− 4)f (2, 3)+ 6f (2, 2)
with equality if and only if S = Ln.
Suppose that S has r inlets, b branched hexagons and k kinks. Because the inner dual [1] of S is a tree with h vertices, b
vertices of degree 3 and at least k vertices of degree 2, we have
3b+ 2k+ (h− b− k) ≤ 2(h− 1),
which implies b ≤ h−k−22 and b ≤
 h
2
− 1. By Lemma 8,
r = 2(h− 1)− 3b− k ≥ 2(h− 1)− 3(h− k− 2)
2
− k ≥ h
2
+ 1
and r ≥  h2+ 1. By Corollary 2, we have
I(S) ≤ (2f (2, 3)− f (2, 2)− f (3, 3))

h
2

+ 1

+ (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
=

3h− 4−

h
2

f (3, 3)+

2

h
2

+ 2

f (2, 3)+

2h+ 3−

h
2

f (2, 2)
with equality if and only if b =  h2− 1 and k =  h2 −  h2.
(ii) Similarly, since f (2, 2)+ f (3, 3) < 2f (2, 3), by Lemma 8 and Corollary 2, we have
I(S) = (2f (2, 3)− f (2, 2)− f (3, 3))r + (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
≤ (2f (2, 3)− f (2, 2)− f (3, 3))(2h− 2)+ (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
= (h− 1)f (3, 3)+ (4h− 4)f (2, 3)+ 6f (2, 2)
with equality if and only if S = Ln. And
I(S) ≥ (2f (2, 3)− f (2, 2)− f (3, 3))

h
2

+ 1

+ (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
=

3h− 4−

h
2

f (3, 3)+

2

h
2

+ 2

f (2, 3)+

2h+ 3−

h
2

f (2, 2)
with equality if and only if b =  h2− 1 and k =  h2 −  h2.
(iii) Since f (2, 2)+ f (3, 3) = 2f (2, 3), by Corollary 2,
I(S) = (2f (2, 3)− f (2, 2)− f (3, 3))r + (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3)
= (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3). 
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4. Applications
In this section, we will use Theorem 9 to obtain the extremal values and extremal graphs with respect to Randić index,
the general Randić index, Zagreb index, sum-connectivity index, the general sum-connectivity index, GA1 index and ABC
index in catacondensed benzenoid systems.
Let S be a catacondensed benzenoid system with h(h ≥ 3) hexagons, and
(1) f (x, y) = 1√xy ; or
(2) f (x, y) = (xy)α; or
(3) f (x, y) = 1√x+y ; or
(4) f (x, y) = (x+ y)α , where α > 1 or α < 0; or
(5) f (x, y) =
√
xy
1
2 (x+y)
then f (2, 2)+ f (3, 3) > 2f (2, 3). From Theorem 9(i), we can obtain the following theorem.
Theorem 10. (i) S has the smallest Randić index, the general connectivity index, the second (modified) Zagreb index, sum-
connectivity index, the general sum-connectivity index for α > 1 or α < 0,GA1 index among all catacondensed benzenoid
systems with h hexagons if and only if S = Lh;
(ii) S has the largest Randić index, the general connectivity index, the second (modified) Zagreb index, sum-connectivity index, the
general sum-connectivity index for α > 1 or α < 0,GA1 index among all catacondensed benzenoid systems with h hexagons
if and only if S has
 h
2
− 1 branched hexagons and  h2 −  h2 kinks.
Moreover,
(6) f (x, y) = (x+ y)α for 0 < α < 1; or
(7) f (x, y) =

x+y−2
xy
then f (2, 2)+ f (3, 3) < 2f (2, 3). From Theorem 9(ii), we can obtain the following theorem.
Theorem 11. (i) S has the smallest general sum-connectivity index for 0 < α < 1, ABC index among all catacondensed
benzenoid systems with h hexagons if and only if S has
 h
2
− 1 branched hexagons and  h2 −  h2 kinks;
(ii) S has the largest general sum-connectivity index for 0 < α < 1, ABC index among all catacondensed benzenoid systems with
h hexagons if and only if S = Lh.
(8) f (x, y) = x+ y, then f (2, 2)+ f (3, 3) = 2f (2, 3). By Theorem 9(iii), we have the following theorem.
Theorem 12. The first Zagreb index of S is (2h+ 4)f (2, 2)+ (3h− 3)f (3, 3) = 26h− 2.
Applying Theorems 4, 6 and 7 to these indices, we can also obtain some results on the extremal values and extremal
graphs of these indices in benzenoid systems. We leave the details to the reader.
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